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Abstract
The deterministic rotation of a ferromagnetic nanoparticle in a fluid is considered. The heating arising from viscous
friction of a nanoparticle driven by circularly and linearly polarized alternating magnetic fields is investigated. Since the
power loss of such fields depends on the character of the induced motion of a nanoparticle, all types of particle trajectories
are described in detail. The dependencies of the power loss on the alternating field parameters are determined. The
optimal conditions for obtaining the maximum heating efficiency are discussed. The effect of heating enhancement by a
static field is analyzed. The results obtained are actual for the description of heating in the magnetic fluid hyperthermia
cancer treatment, when the size of the particles used is a few tens of nanometers.
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1. INTRODUCTION
Practical applications of ferrofluids [1, 2] are connected
to their interaction with external magnetic fields. In gen-
eral case, the response of a ferrofluid to these fields is de-
termined by the dynamics of each ferromagnetic nanopar-
ticle included in the ferrofluid. The individual motion of
the nanoparticle defines the performance of modern ther-
apy techniques, such as targeted drug delivery [3, 4] and
magnetic fluid hyperthermia [3, 5, 6], as well as biotechnol-
ogy techniques, such as biosensors, macro-molecules, and
virus separation [3, 7, 8].
There are two types of dynamics occurring in a coupled
way: the internal motion of the nanoparticle magnetic mo-
ment relative to the nanoparticle crystal lattice and the
motion of the whole particle with respect to the surround-
ing fluid. Strictly speaking, both of them are stochastic
and should be described statistically. However, at present,
the essential progress in the description of the forced cou-
pled motion and the energy dissipation is achieved only in
the deterministic approximation [9, 10, 11, 12, 13]. The
accounting of the thermal noise for the coupled dynamics
is in the initial stage now [14, 15].
Therefore, a simplified model, where the internal mag-
netic dynamics is neglected, is currently widely used [16,
17, 18, 19, 18, 20, 21]. Within this framework, due to the
strong anisotropy, the magnetic moment is supposed to be
fixed to the nanoparticle easy axis. This approximation
is also called the ”rigid dipole” or the ”frozen magnetic
moment” model. The problem of the rigid dipole rotation
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about a fixed center (known as spherical motion) was con-
sidered first in [22]. For today, the most complete study
of the influence of thermal activation and inter-particle
dipole interaction on the energy dissipation during the
forced spherical motion of a rigid dipole was reported in
[21]. However, some purely dynamical effects remain un-
clear. Thus, the aim of the present work consists in a deep
analysis of this problem in the whole range of the external
field parameters. A special attention is paid to the power
loss and its control. The actuality of these findings is also
stimulated by practical reasons: in the magnetic fluid hy-
perthermia method of cancer treatment exactly the viscous
rotation is the main energy dissipation channel if nanopar-
ticles are large enough (> 20nm) [23].
2. DESCRIPTION OF THE MODEL
Lets consider a ferromagnetic particle of radius R, uni-
form mass density ρ and magnetization M placed into a
fluid of viscosity η. The spherical motion, i.e. the motion
with fixed center of mass, of such particle is described by
the following system of equations [22]:
ω˙ =
1
τ20
m× h− 1
τr
ω,
m˙ =ω×m, (1)
where ω is the nanoparticle angular velocity, m = M/M
is the unit vector of the nanoparticle magnetic moment
M, M = |M| = MV , V = 34piR3 is the nanoparticle
volume, h = H/Ha is the reduced external field, Ha is
the effective anisotropy field, τ0 =
√
I/µ0MHa, and τr =
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I/6ηV with I = 25ρV R
2 been the moment of inertia of the
nanoparticle, are the characteristic times, µ0 is the vacuum
permittivity, and the cross sign denotes the vector product.
Here, the friction is treated in the Stokes approximation
for Reynolds numbers, smaller than 10 [24]. It needs to
note that the conditionω⊥m holds for times t τr, since
ω ·m ∼ exp(−t/τr).
The energy dissipation during the described rotational
motion of the particle about its center occurs due to vis-
cous friction. When an external alternating field is applied,
the dissipated energy is compensated by the energy of this
filed. The energy dissipation per unit time, or the power
loss Q, can be introduced using the variation of the mag-
netic energy, which is generated by the magnetic moment
increment δM in the external field H(t). If all the energy
changes are transformed into the irreversible losses, one
can write δQ = H(t)δM. The resulting Q value is ob-
tained by averaging over an observation time as well as in
[25]
Q = lim
τ→∞
1
τ
∫ τ
0
H(t)
∂M
∂t
dt. (2)
In the reduced form Q˜ = Q/(µ0MHaΩcr) (Ωcr = τr/τ
2
0
- characteristic frequency), which is the quantity of our
main interest, the power loss can be written in the form
Q˜ = lim
τ˜→∞
1
τ˜
∫ τ˜
0
h(t˜)
∂m
∂t˜
dt˜, (3)
where t˜ = tΩcr, τ˜ = τΩcr. It is reasonable to underline
here that in the simplest cases of periodic forced motion
of M , the integration in Eq. (3) can be conducted over the
reduced field period (T˜ = T Ωcr) only,
Q˜ =
1
T˜
∫ T˜
0
h(t˜)
∂m
∂t˜
dt˜. (4)
2.1. The validity of noise free approximation
The used system of equations is valid when the mag-
netic moment is considered as ”frozen” into crystal lat-
tice. Such concept implies that the following conditions
hold: Ha  H and κ  1, κ = µ0MHV/(kT ) (here
k = 1.38 · 10−23J/K is the Boltzmann constant, T is the
thermodynamic temperature). In accordance with the first
condition, the magnetic moment does not practically de-
viate from the anisotropy axis due to an external field ac-
tion. At the same time, the latter condition allows to
treat the trajectory of m as approximately regular and,
together with the first condition, exclude the essential de-
viation of the magnetic moment from the crystal axis due
to thermal activation. These conditions are true for the
real nanoparticles of maghemite [26] with the determined
parameters: average radius R = 20nm, Ha = 7.24·104A/m
andM = 3.38·105A/m. Thus, when H = 0.05Ha, κ ≈ 12.
Besides the requirements to the external field ampli-
tude, the corresponding restrictions to the field frequency
exist. First, frequency is bounded below according to the
following. Even if κ  1, the significant changes of the
angular coordinates can occur due to thermal excitation,
when the observation time is much more than the time
of Brownian relaxation [2] τB = 3ηV/(kT ). It imposes
the existence of the character frequency ΩB = 1/τB =
kT/(3ηV ). Further, the rigid dipole model can be violated
during the Ne´el relaxation time τN = (Γ/pi)
−1/2 exp(Γ)(2α′γµ0Ha)−1
(here α′  1 is the dimensionless damping constant, γ ≈
1.76 ·1011rad · s−1 ·T−1 is the gyromagnetic ratio) [27, 28],
Γ = µ0MHaV/(kT ). This fact causes the existence of one
more character frequency ΩN = 1/τN = 2α
′γµ0Ha(Γ/pi)1/2 exp(−Γ).
Thus, one can conclude that Ω  max[ΩB ,ΩN ]. For the
above mentioned maghemite nanoparticles [26], α′ = 0.01
and T = 310K, η = 5 · 10−3Pa · s1 (corresponds to blood),
one can write ΩB ≈ 8.54 · 103Hz and ΩN ≈ 2.08 · 10−96Hz
or, finally, Ω 8.54 · 103Hz.
At the same time, frequency is bounded above as well.
When the condition Ha  H holds, the recognizable vari-
ation of m from the easy axis occurs at frequencies close
to the resonance [29] Ωr = µ0γHa, where Ωr is the res-
onance frequency and Ωr ≈ 2.55 · 109Hz for the consid-
ered nanoparticle. The last requirement to the frequency
arises from the condition which represents the validity
of the Stokes approximation for friction momentum[24]:
Re = ρlΩSR
2/η ∼ 10. Here Re is the so-called Reynolds
number, ρl is the liquid density, ΩS is the correspond-
ing character frequency. Straightforward calculations give
ΩS ∼ 1012 in our case. Summarizing one can obtain
Ω min[Ωr,ΩS ] or Ω 2.55 · 109Hz.
Therefore, the frequency interval, where dynamical ap-
proach is valid for calculation, is Ω = (104 − 108)Hz that
is acceptable for the magnetic fluid hyperthermia method.
2.2. Main equations in spherical coordinates
Since the torque parallel to the magnetic moment is
absent, two angular coordinates are necessary for the de-
scription of nanoparticle rotation. It is reasonable to use
the polar and azimuthal spherical coordinates to this pur-
pose. Let substitute the relationships ω = m × m˙ and
ω˙ = m × m¨, which follow from the second equation in
(1), into the first one. As a result, we have
m× (m¨− 1
τ20
h+
1
τr
m˙) = 0 (5)
or after the corresponding transformations
m¨− 1
τ20
h+
1
τr
m˙ = A(t)m, (6)
where function A(t) satisfies the condition m2 = 1. Multi-
plying Eq. (6) by m and taking into account the condition
m˙m = 0, one can find
m¨+
1
τr
m˙+
1
τ20
(mh)m+ m˙2m =
1
τ20
h. (7)
Using the standard representation of the cartesian compo-
nents of m in spherical coordinates mx = sin θ cosϕ,my =
2
Figure 1: (Color online) Schematic representation of the model and
the coordinate systems.
sin θ sinϕ,mz = cos θ, Eq. (7) can be written with respect
to the polar and azimuthal angles θ and ϕ, respectively
(see Fig. 1):(
θ¨ +
θ˙
τr
)
sin θ − ϕ˙2 sin2 θ cos θ = −hz + hm cos θ
τ20
,(
ϕ¨+
ϕ˙
τr
)
sin θ + 2ϕ˙θ˙ cos θ =
(hy cosϕ− hx sinϕ)
τ20
,
(8)
where hi(i = x, y, z) are the projections of external field
on the cartesian coordinates. The last equation system is
irrelevant to the external field type and is convenient for
finding the analytical solutions.
2.3. Main equations: first order explicit form
System of Eqs. (8) is good for the theoretical analysis,
but does not fit to the well known procedure of numerical
simulation. That is why one needs to rewrite Eqs. (1)
in the explicit form which allows transformation to the
difference scheme. To this end, let consider the coordinate
system of unit vectors eθ, eϕ, e|| represented in Fig. 1 and
introduce the angle ψ responsible for the rotation of the
nanoparticle around the magnetic moment.
The transition from laboratory coordinate system to
the new one is performed using the orthogonal transforma-
tion matrix, which can be found as the product of the ro-
tational matrixes, which are responsible for turning about
x and z axis respectively.
C =
 cos θ 0 − sin θ0 1 0
sin θ 0 cos θ
 ·
 cosϕ sinϕ 0− sinϕ cosϕ 0
0 0 1
 =
=
 cos θ cosϕ cos θ sinϕ − sin θ− sinϕ cosϕ 0
sin θ cosϕ sin θ sinϕ cos θ
 ,
(9)
Correspondingly, the inverse transition can be realized by
the matrix
C−1 =
 cos θ cosϕ − sinϕ sin θ cosϕcos θ sinϕ cosϕ sin θ sinϕ
− sin θ 0 cos θ
 .
(10)
Then, following Goldstein [30] let associate the time deriva-
tions of angles θ, ϕ and ψ with the corresponding vectors
ωϑ = eϕθ˙,ωφ = ezϕ˙,ωψ = e||ψ˙. (11)
Using the orthogonal transformation obvious from Fig. 1,
full projections of the angular velocity ω = (ωϑ, ωφ, ωψ)
on the directions of eθ, eϕ, e|| can be written as ωθωϕ
ω||
 =
 −ϕ˙ sin θθ˙
ψ˙ + ϕ˙ cos θ
 . (12)
Finally, using the well known relationship ωxωy
ωz
 = C−1
 ωθωϕ
ω||
 , (13)
one can perform the transition to the cartesian coordinates ωxωy
ωz
 =
 −θ˙ sinϕ+ ψ˙ sin θ cosϕθ˙ cosϕ+ ψ˙ sin θ sinϕ
ϕ˙+ ψ˙ cos θ
 . (14)
Here it is important to underline that the latter equations
are similar (but not the same) to the corresponding equa-
tions for the Euler angles [30], because of the way they
were obtained. From Eqs. (14) the first order differential
equations in explicit form with respect to the polar and
azimuthal angles of the nanoparticle are derived
θ˙ = ωy cosϕ− ωx sinϕ,
ϕ˙ = ωz − (ωx cosϕ+ ωy sinϕ) cot θ. (15)
The next three equations can be extracted directly from
Eqs. (1) using the standard representation of the vector m
in spherical coordinates. And, as a result, one can write
the main equations in the reduced form
dθ
dt˜
= ω˜y cosϕ− ω˜x sinϕ,
dϕ
dt˜
= ω˜z − (ω˜x cosϕ+ ω˜y sinϕ) cot θ,
dω˜x
dt˜
=
1
α
(hz sin θ sinϕ− hy cos θ − ω˜x) ,
dω˜y
dt˜
=
1
α
(hx cos θ − hz sin θ cosϕ+ ω˜y) ,
dω˜z
dt˜
=
1
α
(hy sin θ cosϕ− hx sin θ sinϕ− ω˜z) .
(16)
3
where ω˜i = ωi/Ωcr, α = τ
2
r /τ
2
0 , i = x, y, z. These equa-
tions can be easily implemented into the numerical solu-
tion technique.
3. ANALYTICAL RESULTS
3.1. Circularly polarized magnetic field
It is assumed that the nanoparticle is governed by ex-
ternal field of the following type:
h(t) = exh cos(Ωt) + eyσh sin(Ωt) + ezhz0, (17)
where h and Ω are the rotating field amplitude and fre-
quency, respectively, hz0 is the time-independent or static
filed, σ = ±1 is the identifier of the direction of rota-
tion. In order to describe the trajectory of the nanopar-
ticle in this case, one should substitute expression (17)
into Eqs. (8). Using the reduced values of frequency Ω˜ =
Ω/Ωcr, we obtain
d2θ
d2t˜
+
1
α
dθ
dt˜
−
(
dϕ
dt˜
)2
sin θ cos θ=
h
α
cosφ cos θ − hz0
α
sin θ,
(
d2ϕ
d2t˜
+
1
α
dϕ
dt˜
)
sin θ + 2
dθ
dt˜
dϕ
dt˜
cos θ = −h
α
sinφ,
(18)
where φ = ϕ − ρΩ˜t˜. The uniform rotational mode with
the field frequency is the natural solution of Eqs. (18)
This mode is characterized by the constant lag angle Φ =
limt˜→∞ φ, and constant angle of the precessional cone Θ =
limt˜→∞ θ. Substituting the latter solutions into Eqs. (18)
we derive the systems of algebraic equations for the calcu-
lation of Φ and Θ
cos Θ
(
Ω˜2α sin Θ + h cos Φ
)
= hz0 sin Θ,
Ω˜ sin Θ = h sin Φ. (19)
The last equations system can be solved numerically for
defined system parameters. The average value of the power
loss for the uniform mode can be found using (19) and (4)
as follows
Q˜ = Ω˜2 sin2 Θ. (20)
Two remarks are relevant here. Firstly, (20) for a small
angle of the precession cone coincides with the results ob-
tained by Xi [9] in the linear approximation. And, sec-
ondly, when the static field is absent (hz0 = 0), the ob-
tained relationships reduced to the simpler forms: Θ =
pi/2, sin Φ = Ω˜/h, and Q˜ = Ω˜2.
The solutions obtained from Eqs. (19) are stable while
hz0 6= 0. In the opposite case, the stable precession is
possible when Ω˜ ≤ h. In turn, if Ω˜ > h the nonuni-
form precession mode takes place that will be described
numerically below. However, we should notice the follow-
ing. When the condition θ = pi/2 holds and using the
representation ϕ(t˜) = Ω˜t˜− β(t˜), one can write
d2β
d2t˜
+
1
α
dβ
dt˜
+
h
α
sinβ = 0. (21)
This is the well known equation for a damped pendulum
under constant torque [31].
3.2. Linearly polarized magnetic field
In order to simplify the further analysis, let consider
external field of the type
h(t) = ezh cos(Ω˜t˜). (22)
After substitution of (22) into Eqs. (8) the equations of
motion take the following form:
d2θ
d2t˜
+
1
α
dθ
dt˜
−
(
dϕ
dt˜
)2
sin θ cos θ = −h
α
sin θ cos(Ω˜t˜),(
d2ϕ
d2t˜
+
1
α
dϕ
dt˜
)
sin θ + 2
dθ
dt˜
dϕ
dt˜
cos θ = 0.
(23)
From the second equation of Eqs. (23) one can obtain(
dϕ
dt˜
)−1
d2ϕ
d2t˜
+
1
α
= −2dθ
dt˜
cos θ
sin θ
. (24)
The latter can be easily integrated∣∣∣∣dϕdt˜
∣∣∣∣ = ∣∣∣∣dϕ(0)dt˜
∣∣∣∣ sin−2 θ exp(− t˜α
)
. (25)
Due to the exponential decaying, the long time evolution
of the azimuthal coordinate can be neglected and the mo-
tion should be considered as planar. Therefore, the first
expression in Eqs. (23) yields
d2θ
d2t˜
+
1
α
dθ
dt˜
= −h
α
sin θ cos(Ω˜t˜). (26)
This equation has the following solution in the approxima-
tion of small inertia momentum (I → 0, θ¨ ≡ 0)
tan(θ/2) = tan(θ0/2) exp
[
− sin(Ω˜t˜) h
Ω˜
]
, (27)
where θ0 is the initial polar angle of m. Notice here that
the similar equation was reported in [10], but for the de-
scription of the joint internal magnetic dynamics and me-
chanical rotation in linear approximation. One needs to
note that there it has been obtained within controversial
basic equations.
Using (4), the average value of the power loss for the
uniform precession mode can be written as
Q˜ =
Ω˜2h
2pi
∫ Ω˜
2pi
0
dt˜ tanh
[
h
Ω˜
sin(Ω˜t˜)− x0
2
]
sin(Ω˜t˜), (28)
where x0 = ln
(
tan2 θ0/2
)
is the constant defined by the
initial state of m.
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Figure 2: (Color online) Schematic representation of the model and
the rotated coordinate system for the high frequency limit case.
3.3. High frequency limit: linear approximation
When the condition Ω˜  h holds, the magnetic mo-
ment performs small oscillations. Equilibrium point for
these oscillations is conditioned either by the initial po-
sition of the magnetic moment or by the direction of the
additional static field hz′0. To simplify the further anal-
ysis we assume that the direction of hz′0 as well as the
initial direction of m are defined by the angles θ0 and ϕ0
(see Fig. 2). The static field is non-perpendicular to the
alternating field that expands the limits of the used model.
Among others, the local dipole field, which is induced by
all the particles in a ferrofluid and acts on the given par-
ticle, can be considered as the filed hz′0.
In Fig. 2 the new coordinate system defined by unit
vectors (ex′ , ey′ , ez′) is depicted. This system is fixed, but
turned with respect to the laboratory one by the angles
θ0 and ϕ0. The alternating field (17) in these coordinates
can be transformed using the rotation matrix similar to
(9), but written for the angles θ0 and ϕ0 instead of θ and
ϕ correspondingly. Taking into account that the static
field is collinear to ez′ (hz′0 = ez′hz′0), the total external
field can be written as
h′ =
 h cos θ0 cosϕ0 cos(Ω˜t˜) + σh cos θ0 sinϕ0 sin(Ω˜t˜)−h sinϕ0 cos(Ω˜t˜) + σh cosϕ0 sin(Ω˜t˜)
h sin θ0[cosϕ0 cos(Ω˜t˜) + σ sinϕ0 sin(Ω˜t˜)] + hz′0
 .
(29)
While σ = ±1, (29) represents the circularly polarized field
and condition σ = 0 defines the linearly polarized one.
For the description of small oscillations let express vec-
tor of the magnetic moment in the new coordinate system
as m′ = ex′mx′ + ey′my′ + ez′ . Within the assumption
mx′ ,my′ , ωx′ , ωy′ , ωz′ ∼ h and with the first-order accu-
racy, the system (1) takes the form
dmx′
dt˜
= ω˜y′ ,
dmy′
dt˜
= −ω˜x′ ,
dω˜x′
dt˜
=
1
α
[my′hz′0 + h sinϕ0 cos(Ω˜t˜)−
−σh cosϕ0 sin(Ω˜t˜)− ω˜x′ ],
dω˜y′
dt˜
=
1
α
[−mx′hz′0 + h cos θ0 cosϕ0 cos(Ω˜t˜)+
+σh cos θ0 sinϕ0 sin(Ω˜t˜)− ω˜y′ ],
dω˜z′
dt˜
= − 1
α
ω˜z′ .
(30)
We find the solution of this system of linear equations in
the standard form
mx′ = a cos(Ω˜t˜) + b sin(Ω˜t˜),
my′ = c cos(Ω˜t˜) + d sin(Ω˜t˜),
ω˜x′ = f cos(Ω˜t˜) + g sin(Ω˜t˜),
ω˜y′ = k cos(Ω˜t˜) + l sin(Ω˜t˜),
ω˜z′ = p cos(Ω˜t˜) + q sin(Ω˜t˜).
(31)
Substituting (31) into (30) and using the linear indepen-
dence of the trigonometric functions sin(Ω˜t˜) and cos(Ω˜t˜),
one straightforwardly obtains the constants which define
m
a = −h cos θ0 (αΩ˜
2 − hz′0) cosϕ0 + σΩ˜ sinϕ0
Ω˜2 + (αΩ˜2 − hz′0)2
,
b = −h cos θ0σ(αΩ˜
2 − hz′0) sinϕ0 − Ω˜ cosϕ0
Ω˜2 + (αΩ˜2 − hz′0)2
,
c = h
(αΩ˜2 − hz′0) sinϕ0 − σΩ˜ cosϕ0
Ω˜2 + (αΩ˜2 − hz′0)2
,
d = −hσ(αΩ˜
2 − hz′0) cosϕ0 + Ω˜ sinϕ0
Ω˜2 + (αΩ˜2 − hz′0)2
.
(32)
Finally, after substitution of (31), (32) into Eq. (4) and
further integration of the latter, the relationship for the
power loss can be written as
Q˜ =
Ω˜2h2D
2[Ω˜2 + (αΩ˜2 − hz′0)2]
, (33)
where
D = cos2 θ0(cos
2 ϕ0 + σ
2 sin2 ϕ0) + σ
2 cos2 ϕ0 + sin
2 ϕ0
(34)
is the factor, defined by the initial state of the magnetic
moment. Let analyze (33). 1) If the circularly polarized
field is acting, the factor D = 1 + cos2 θ0 (1 ≤ D ≤ 2).
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Figure 3: (Color online) Results: The power loss in the high fre-
quency approximation according to (33). Circularly polarized field
(17) is acting. The values of the system parameters are chosen as
R = 20nm,M = 3.38 · 105A/m, η = 5 · 10−3Pa · s1, σ = 1, h = 0.05,
θ0 = 0.01. The possibility of control of Q˜(Ω˜) by the value of hz′0 is
concluded.
At the same time, for linearly polarized one it is D =
cos2 ϕ0(cos
2 θ0− 1) + 1 (0 ≤ D ≤ 1). Therefore, the circu-
lar polarization can be, at least in two times more efficient
for heating in comparison with liner one while Ω˜  h. 2)
When hz′0 = 0, the oscillations occur around the initial
state, and the power loss depends on the polar angle θ0 of
the initial state. 3) When the condition hz′0  Ω˜ holds,
the power loss depends on the static field value, the al-
ternating field frequency and amplitude: the asymptotic
have the form Q˜ ∼ Ω˜2h2/h2z′0. 4) Otherwise, for small
static fields, hz′0  Ω˜, the asymptotic is the following
Q˜ ∼ h2 that means the power loss is determined only by
the alternating field amplitude. This fact gives the oppor-
tunity to control the heating rate by the static field hz′0
in the intermediate frequency range (See Fig. 3). 5) And,
finally, if the particle is small enough or frequency is too
large (Ω˜  1/α), then the asymptotic is Q˜ ∼ h2/(α2Ω˜4).
Therefore, the effects caused by the inertia momentum of
the particles take place, when Ω˜ > 1/α or the critical value
ΩI = Ωcr/α exists (ΩI ≈ 3.83 · 1010Hz for the considered
nanoparticle of maghemite R = 20nm [26]). These esti-
mations are close to analogous in [32]. Thus, while the
condition Ω ΩI holds, the inertia term can be neglected
and the equations of motion Eqs. (1) are reduced to the
widely used form
m˙ =
τr
τ20
ω× (m× h), (35)
or in the spherical coordinates
θ˙ = cos θ(hx cosϕ+ hy sinϕ)− hz0 sin θ,
ϕ˙ =
1
sin θ
(hy cosϕ− hx sinϕ). (36)
4. NUMERICAL RESULTS: GENERAL CASE
To validate the obtained above analytical results, de-
scribe the power loss behavior in the whole range of pa-
rameters, and finally, visualize the data, the numerical
simulation is demanded. The latter was performed using
Eqs. (16) and the Runge-Kutta method (the fourth-order
method). Analyze first the case of the circularly polar-
ized field action, see (17), σ = 1. As follows from the
analytical results discussed above, when h > Ω˜, particle
is rotated uniformly and all contributions into the power
loss are due to this rotation. The rotation is realized with
the field frequency, and the losses are proportional to the
particle kinetic energy. Therefore, Q˜ ∼ Ω˜2 and it was con-
firmed numerically. When h  Ω˜, oscillations occur with
the field frequency, but amplitude decreases when the fre-
quency grows. In this case Q˜ almost not increase with Ω˜
in the oscillations mode. These facts are confirmed nu-
merically. At the same time, when h < Ω˜ and h ∼ Ω˜, the
dynamics become more complicated. This is expressed in
the generation of the nonuniform mode similarly to the
case of the magnetic moment dynamics inside the particle
[33, 34]. In this mode the polar angle θ of the magnetic mo-
ment is changed periodically in time with a period, which
does not coincide with the field’s one. The similar oscilla-
tions are demonstrated by the azimuthal angle ϕ together
with linear growth in time. This type of motion is char-
acterized by smaller instantaneous angular velocity of the
nanoparticle that leads to the decrease in the power loss.
It is expressed in a considerable drop of Q˜(Ω˜) for the fixed
amplitude h. The results of the simulations set as 3D wa-
terfall plots are shown in Fig. 4.
In contrary with the case when the nanoparticle is fixed
rigidly in a solid matrix, here the dependence Q˜(Ω˜) does
not exhibit a resonant behaviour and have non-zero high-
frequency asymptotic. The explanation is could be the
following. While the field frequency grows, the average
angular velocity tends to zero, the oscillation frequency
tends to Ω˜, and the oscillation amplitude tends to the val-
ues, predicted by (32). Therefore, Q˜ tends to the value
predicted by (33) fast enough with Ω˜ (see Fig. 4).
Another feature of the nonuniform mode consists in the
dependence of trajectory on the initial conditions of m.
This fact is caused by the absence of any local minimums
which can capture the magnetic moment when the external
field is removed. Such difference leads to the dependence
of the power loss Q˜ on θ0, similarly to the case of the
rotational oscillation limit, and its asymptotic values are
defined by expression (33). Here and further two limit
situations θ0 → pi/2, and θ0 → 0 are considered. Special
attention deserves the former case. Here the validity of
Eq. (21) is confirmed numerically: only ϕ angle is changed
in time, while θ remains unchangeable and equal to θ0 =
pi/2.
The influence of the static field on the magnetic mo-
ment dynamics consists, firstly, in a partial pinning of m
along of the static field h0 direction. This pinning leads
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Figure 4: (Color online) The simulation results for the power loss
obtained for different initial conditions of the magnetic moment:
θ0 = 0.01 (a), θ0 = pi/2− 0.01 (b). Circularly polarized field (17) is
acting. The values of the system parameters are chosen as R = 20nm,
M = 3.38 · 105A/m, η = 5 · 10−3Pa · s1, σ = 1. The saturated char-
acter of the frequency dependencies and the reduction of the power
loss due to the nonuniform mode generation are observed.
Figure 5: (Color online) The comparison of the numerical results for
the power loss obtained for different initial conditions and additional
static fields. Circularly polarized field (17) is acting. The values of
the system parameters are chosen as R = 20nm,M = 3.38 ·105A/m,
η = 5 · 10−3Pa · s1, h = 0.05, σ = 1. The curves obtained for
stable modes in the absence of a static field are shown in blue color.
The curves obtained after the corresponding static field application
(which are non-sensitive to the initial conditions) are shown in red
color. The possibility of control of the heating rate by a static field
is suggested.
to the decrease in the magnetic moment mobility and its
response on the alternating field. Obviously, changes in Q˜
value will be determined by the direction of the static field
with respect to the alternating one. It needs to note that
since the static field establishes a new attraction point for
m, the trajectory dependence on the initial position of the
magnetic moment, when h < Ω˜, is broken. The foregoing
give opportunities to reduce the power loss as well as its
enhancing by the static field. Let consider the most simple
and demonstrative situations: the static field lays in the
polarization plane (h0 = (hx0, 0, 0)) and perpendicular to
it (h0 = (0, 0, hz0)). Also we suppose that before h0 ap-
plication, the stable modes of m are established for the
initial conditions θ0 → pi/2 or θ0 → 0. Thus, the following
cases are possible (See Fig. 5).
1) θ0 → pi/2, h0 = (0, 0, hz0). If hz0  h, the static
field influences weakly on Q˜ while m performs the uni-
form rotation (the condition Ω˜ < h holds). At the same
time, due to the suppression of the nonuniform rotation
for larger frequencies (Ω˜ > h), field h0 = (0, 0, hz0) leads
to the growth of Q˜ (see the blue solid and red long dashed
lines in Fig. 5). This is a remarkable effect, but it is broken
for large enough (hz0 ∼ h) static fields due to m pinning
(see the blue solid and red dotted lines in Fig. 5).
2) θ0 → pi/2, h0 = (hx0, 0, 0). If hx0 < h, the static
field does not affect essentially on the power loss, because
static field accelerates m while h0 and h(t) are codirec-
tional, and slows m in the opposite case. Finally, these
two effects cancel each other. But if hx0 ≥ h, m always
performs the oscillations around h0 direction in the xoy
plane instead of the rotation that leads to decrease in Q˜
for all frequencies: see the blue dashed-dotted and red
short dashed lines in Fig. 5.
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3) θ0 → 0, h0 = (hx0, 0, 0). The main effect of h0 =
(hx0, 0, 0) is the reduction of the degree of freedom num-
bers of m. While hx0 is applied, only azimuthal angle
ϕ is changed that causes the decrease in the nanoparti-
cle angular velocity and the power loss consequently. This
is especially expressed for hx0 > h in comparison with
the case without static field, when m is initially directed
perpendicularly to the field polarization plane. One can
observe that the corresponding dependences Q˜(Ω˜) can be
different in several times for Ω˜ ∼ h and in two times for
big frequencies (Ω˜  h), see the blue solid and red short
dashed lines in Fig. 5.
4) θ0 → 0, h0 = (0, 0, hz0). This situation characterises
the enhancing of the power loss by the static field indepen-
dently on its value, when Ω˜  h. In another case, when
Ω˜ < h, the weak enough static field (hz0 < h) does not
affect the power loss (see the blue dashed-dotted and red
long dashed lines in Fig. 5). If hz0 > h, the static field
decreases Q˜, see the blue dashed-dotted and red dotted
lines in Fig. 5.
Now let consider the results for action of the linearly
polarized field. For better comparability of the obtained
results, let define the linearly polarized field using the ex-
pression (17), when σ = 0. The results of the simulations
set as 3D waterfall plots are shown in Fig. ??. Firstly,
here the dependence on the initial conditions takes place
for all parameters of the alternating field, while in the pre-
vious case the mode of uniform rotation is not sensitive to
them. Also, the linear polarization of the alternating field
leads to additional dependence on initial azimuthal angle
ϕ0. But, actually, this fact does not carry any new effects,
and further we will always assume that ϕ0 = 0. When
the external field oscillates along the direction, which is
perpendicular to the initial position of m, or θ0 → 0, the
power loss grows monotonously up to the values, predicted
by (33). In the opposite case, θ0 → pi/2, when the alter-
nating field is applied along the magnetic moment in the
initial position, the dependencies Q˜(Ω˜) are unimodal and
the condition Q˜ → 0 holds for large enough Ω˜. This can
be explained by small value of the torque, which acts on
the magnetic moment in the initial state when field of the
type h(t˜) = exh cos(Ω˜t˜) is applied. Thus, the nanoparti-
cle keeps the initial position and does not responses on the
alternating field.
The influence of the static field on the power loss here
also depends strongly on the direction of this field with
respect to the initial position of the magnetic moment and
the linearly polarized field. The cases of coincidence of the
initial positions and static fields (θ0 → 0, h0 = (0, 0, hz0)
and θ0 → pi/2, h0 = (hx0, 0, 0)) are described in Fig 7.
One can see that the static field reduces the power loss
here, because it suppress of the response of m on the field
h(t˜) = exh cos(Ω˜t˜) (see the positions of the blue dashed-
dotted with respect to the red short-dashed lines and the
positions of the blue solid with respect to the red long-
dashed lines in Fig 7). The increase in the Q˜ value due to
Figure 6: (Color online) The simulation results for the power loss
obtained for different initial conditions of the magnetic moment:
θ0 = 0.01 (a), θ0 = pi/2 − 0.01 (b). Linearly polarized field (17)
(σ = 0) is acting. The values of the system parameters are chosen as
R = 20nm, M = 3.38 · 105A/m, η = 5 · 10−3Pa · s1, h = 0.05. The
strong dependence on the initial conditions of the magnetic moment
is observed.
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Figure 7: (Color online) The comparison of the numerical results for
the power loss obtained for different initial conditions and additional
static fields. Linearly polarized field (17) (σ = 0) is acting. The
values of the system parameters are chosen as R = 20nm, M =
3.38 · 105A/m, η = 5 · 10−3Pa · s1, h = 0.05. The possibility of
control of the heating rate by a static field is suggested.
the static field is possible for not very small frequencies,
when the initial position of m is close to the line of h
action (θ0 → pi/2), but the static field tries to increase
the angle between them (see the red long-dashed and blue
dashed-dotted lines in Fig 7).
It should be concluded that the static field can increase
the power loss when it is applied perpendicularly to the
alternating field. This fact gives us another possibility to
control the heating rate.
The comparison of the power losses for different field
polarization is shown in Fig. 8. It is seen, that for small fre-
quencies the linear polarization yields considerably larger
power loss for the same field parameters and initial con-
ditions. This rather unexpected result can be explained
in the following way. While the circularly polarized field
rotates the nanoparticle magnetic moment with the field
frequency, the linearly polarized field inverts m direction
twice during the field period. The velocity of latter reori-
entation motion, in fact, is defined by the characteristic
time of the nanoparticle response on the external field. In
the given case it is smaller than the field period. Thus,
the reorientation occurs faster than the field is changed
that leads to larger energy consumption correspondingly.
When the frequency grows the field period becomes smaller
than the characteristic time of the nanoparticle response,
and m does not have time for complete reorientation now.
Therefore the circularly polarized field produces larger en-
ergy losses in comparison with the linearly polarized one.
In other cases for the heating purposes the advantage of
the circularly polarized field over the linearly polarized one
is obvious and follows from the analysis, presented above.
5. SUMMARY AND CONCLUSIONS
The deterministic spherical motion of the ferromag-
netic nanoparticle in a viscous liquid has been investigated
using the angular momentum equation and the equations
Figure 8: (Color online) The comparison of the numerical results for
the power loss obtained for different polarizations of an alternating
field. The values of the system parameters are chosen as R = 20nm,
M = 3.38 · 105A/m, η = 5 · 10−3Pa · s1, h = 0.05. The advantage of
the linearly polarized field for small frequencies is confirmed.
of spherical motion. The power loss resulted from vis-
cous friction of such nanoparticle driven by the alternating
magnetic fields has been studied in detail both analytically
and numerically. The circular and linear polarizations of
the alternating field have been considered and the heating
process has been analyzed in the terms of features of the
nanoparticle trajectory.
The circularly polarized field of dimensionless ampli-
tude h and dimensionless frequency Ω˜ can generate three
periodic modes: uniform precession (Ω˜ ≤ h), non-uniform
precession (Ω˜ ∼ h) and rotational oscillations mode (Ω˜
h). The first and the last modes have been described
analytically. The behaviour of the dimensionless power
loss is the following: Q˜ ∼ h2Ω˜2 in uniform mode, Q˜ ∼
h2(1 + cos2 θ0) in rotational oscillations mode (θ0 is the
initial polar angle). The non-uniform mode generation is
accompanied with decreasing Q˜. It is important to note
the dependence of Q˜ on the initial conditions and a ten-
dency to saturation while Ω˜ > h.
The nanoparticle driven by the linearly polarized field
performs the oscillations with the field frequency in the
defined plane. This motion has been described analyti-
cally in the approximation of negligibly small momentum
of inertia. The dependence of the power loss on the fre-
quency in a general case is unimodal and tends to constant
∼ h2 cos2 θ0. In particular, Q˜ → 0 when m(0) ‖ h, and
the energy of linearly polarized field in this case is not
absorbed by the nanoparticle (m(0) is the unit vector of
magnetic moment in the initial state).
The essential impact of the static field h0 on the pro-
cess of transformation of the alternating field energy into
the heat one has been analyzed. If the static field strive to
direct the magnetic moment perpendicularly to the plane
(line) of the alternating field action, it increases the power
loss. At the same time, h0 bonds the magnetic moment
and decreases its response on the alternating filed, that
leads to the reduction of the power loss. As a result of
9
the competition of these two effects, the static filed can
enhance the heating efficiency in the following situations.
1) The circularly polarized field is applied, Ω˜ > h (Ω˜ ∼ h),
h0 to the polarization plane, h0  h. 2) The linearly po-
larized field is applied, Ω˜ > h0, h0 ⊥ h, θ0 ≈ pi/2. 3) If
Ω˜  h, θ0 = pi/2, the values of Q˜ can be twice as large,
for the any polarization type of external alternating field
h and any values of external static field h0 while h ⊥ h0.
Finally, it should be concluded that linearly polarized
field is more efficient for heating in comparison with the
circularly polarized one, while frequency is small enough
(Ω˜ h). The origin of such behavior is in the fast reorien-
tations of the magnetic moments between two antiparallel
direction, caused by the linearly polarized field. In the rest
range of frequencies, the rotational field characterized by
the power loss up to two times larger (Ω˜ h) for the same
initial conditions.
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